GOOD REDUCTION OF PERIODIC POINTS ON 
PROJECTIVE VARIETIES 
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Abstract. We consider the dynamical system created by iterating a 
morphism of a projective variety defined over the field of fractions of 
a discrete valuation ring. We study the primitive period of a periodic 
point in this field in relation to the primitive period of the reduced point 
in the residue field, the order of the action on the cotangent space, and 
the characteristic of the residue field. 

1. Introduction 

We consider dynamical systems arising from iterating a morphism of a 
projective variety defined over the field of fractions of a discrete valuation 
ring. Our goal is to obtain information about the dynamical system over the 
field of fractions by studying the dynamical system over the residue field. In 
particular, we aim to bound the possible primitive periods of a periodic point. 
This topic is discussed for : — > with many references in [12l Section 
2.6]. 

Recall that given a set A and map f : A ^ A we can create a dynamical 
system by iterating the map / on the set A. We denote /" as the n*^ iterate 
of /. An element a G A such that /"(a) = a for some positive integer n is 
called a periodic point and the least such n is called the primitive period of a. 
We will use the following notation unless otherwise specified: 

• i? is a discrete valuation ring complete with respect to a normalized 
valuation v. 

• m is the maximal ideal of R with uniformizer tt. 

• K is the field of fractions of R. 

• k = R/m is the finite residue field of characteristic p. 

• denotes reduction mod tt. 

• I 1^ is the associated non-archimedean absolute value. 
Note that these conditions imply that i^T is a local field. 
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In Section[2]we establish a notion of good reduction for a projective variety 
X/K and a morphism (f) : X ^ X defined over K so that we can study the 
dynamics of 4> over K by examining the dynamics of the reduced map over k. 

In Section [3] we describe the primitive period of P G ^{K) with the fol- 
lowing two theorems. 

Theorem 1. Let X / R Q be a smooth projective model of X/K, a non- 
singular irreducible projective variety of dimension d. Let : X / R — > X / R 
he an R-morphism and Pr G X{R) be a periodic point of primitive period n 
for (pii with P of primitive period m. Then 



or there exists a (f>-stable subspace V of the cotangent space of X X/? Spec k 
such that 

n — mrvp'^ with e > 0, 
where ry is the order of the map induced by 0™ on V . Furthermore, letV <Z X 
be the scheme theoretic union of {Pu, 4>r{Pr), ■ ■ ■ , (Pr)}- Then V is the 
cotangent space ofVxn Spec k. Let d' < d be the dimension ofV, then 

rv < (Nt:/ ~ 1 

where Nt: is the norm ofi:. 

This theorem generalizes the known result for : — > ^12l Theorem 
2.21] and is similar to [4]. 

Theorem 2. Let X/R C P^ be a smooth projective model of X/K, a non- 
singular irreducible projective variety of dimension d. Let 4>b. ■ X/R — >■ X/R 
be an R-morphism and Pji G X(R) be a periodic point of primitive period n 
for (j)]^. Using the notation from Theorem\^ we have for n = mryp'^ that 

ri + iog2(w(p)) p^2 

i + logJ^^^(2)±4M2))!±l^ p = 2. 



where a 



1 + V5 



This theorem is a generalization of results such as those found in [8l ?, 
1101 113) and, in particular, implies that the primitive period of a iiT-rational 
periodic point is bounded. In the following corollary we state what the bound 
is when working over Q. 

Corollary 3. LetX/Q be a smooth irreducible projective variety of dimension 
d and (j) : X X a morphism defined over Q with good reduction at a prime 
p. Let P G ^(Q) be a periodic point with primitive period n. Then we have 

e < 
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and 



n < 



1) p^2 
2d+3(2d_i) p = 2. 



By assuming that : X X is etale we may remove the hypotheses of 
smooth and irreducible to obtain the following theorem. 

Theorem 4. Let (j) : X ^ X he an etale morphism of a projective variety 
defined over K . Let P G X{K) he a smooth periodic point for (j) with primitive 
period n. Let Y C Xs,„ooth be the irreducible component containing P. Let I 
he the smallest integer such that (fi is an etale endomorphism of Y . Assume 
that 0' restricted to Y has good reduction. Then we have n = Im, n = Imry , 
or n — Imrvp'^ where m, ry, and p^ are as in Theorem\^ and Theorem^ 

It is well-known that for X C a variety defined by homogeneous poly- 
nomials of degree at most d, the number of irreducible components of X is 
bounded by d^ . In particular, Theorem |4] implies that the primitive period 
of a smooth if-rational periodic point is bounded for an etale morphism of a 
projective variety. 



In this section, we consider the more general situation of a scheme X/Spec K 



and a iiT-morphism : X — )■ X, unless otherwise stated. Following [iTi §2.5] 

we define a notion of good reduction. 

Definition 5. A scheme XjK has good reduction if there exists a smooth 
proper scheme X jR with generic fiber XjK. We call such an X jR a smooth 
proper model for X/K. 

If X/K has good reduction, each point in X{K) corresponds to a unique 
point in the proper scheme X{R) and, consequently, a unique point in the 
special fiber (denoted as P). In addition to a notion of good reduction for 
a scheme X/K, we also need a notion of good reduction for a if-morphism 
: X ^ X. 

Definition 6. Let X/K be a scheme and : X — X a JC-morphism. We 
say that </> has good reduction if there exists a smooth proper model X/R oi 
X/K and an i?-morphism (pfi : X —i' X extending 0. Denote the restriction 
of to the special fiber as (j>. 

Remark. Let X — F]^ and (p ■ ~^ ^ morphism defined over K. Then 

good reduction as defined in Definition [5] is equivalent to good reduction as 
defined in [T^l Theorem 2.15]. For X = and : X — > X, a morphism over 
K, we can again formulate a definition of good reduction using resultants that 
is equivalent to Definition [6j see for example [H Section 1.1]. 



2. Good Reduction 
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Remark. For a morphism 4> ■ ^ Hsia ^ Section 3] defines a notion of 
mildly bad reduction as the case where (f) has bad reduction but there exists a 
projective scheme X of finite type over R and an i?-niorphisni from X — > P)j 
that is an isomorphism on the generic fiber such that (j) extends to an R- 
niorphisni that maps the smooth part of X to itself. 

Tlic following theorem and corollary show that for morphisms with good 
reduction, the dynamics of (f) are related to the dynamics of (j). 

Theorem 7. Let X / R be a smooth proper scheme with generic fiber X/K. 
Let : X / R X / R be an R-morphism and let (p : X/K — X/K be the 
restriction of to the generic fiber. Let (j) be the restriction of (pR to the 
special fiber. 

(a) ^(P) = (j)iP), for all P e X{K). 

(b) Let ipR : X/R — >■ X/R be another R-morphism and ip : X/K — > X/K 
be the restriction of ■0^ to the generic fiber. Then (j> o ijj — (j> o ijj. 

(c) Let (j)^ : X/R X/R be the n^^' iterate of 4>r and let 0" be p)^ 
restricted to the generic fiber. Then 

(j)n[p) =f(P) for all P e X{K). 

Proof. 

(a) Let P e X{K), i.e., P e Homspoc K(Spec K,X). Since the scheme is 
proper, we have a unique associated 

Pn e Homspcc j? (Spec R, X). 

Using the universal property of fiber products, it is easy to see that 

A composition of morphisms is a morphism, so we have that o ipn is 
also a morphism of schemes. Using an argument with fiber products, 
we see that (p o tp = (p o ip . 

To prove this statement we proceed by induction on n by applying (|b| 
to the maps (pR and <p^^ ■ 

□ 

Remark. There are some interesting questions to be raised concerning good 
reduction of /C-morphisms. 

• If p"^ has good reduction, does that necessarily imply (p has good re- 
duction? For iV = 1, Benedetto [2", Theorem B] proves for e K{x), 
a rational map of degree > 2, and any positive integer n that (p has 
good reduction if and only if 0" has good reduction. 

• If ^ and ip are distinct and both have good reduction, then is it neces- 
sarily true that (po'pj has good reduction? The complication is whether 
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a smooth proper model X / R exists where both cj) and ■(/' extend to R- 
morphisms (j)B. and V'-R- It is not clear if the good reduction of cj) and 
■0 is enough to ensure the existence of such a smooth proper model. 

Definition 8. Let X/K be a scheme, (j) : X ^ X he a. if-morphism, and 
PC,X{K). 

• The point P is periodic if (jf^{P) — P for some n G N. The integer n 
is called a period of P. 

• If P is periodic with period n and (/)'"(P) ^ P for all < to < n, then 
n is called the primitive period of P. 

• If (P) = (f>^'^{P) for some TO,ri e N, then P is called preperiodic. 

Corollary 9. Let X jR he a smooth proper scheme with generic fiber X/ K . 
Let : X/R ^ X/R be an R-morphism and 4> ■ X/K — )■ X/K the re- 
striction of to the generic fiber. Let (j) be the restriction of </>/{ to the 
special fiber. Then the reduction map sends periodic points to periodic points 
and preperiodic points to preperiodic points. Furthermore, z/ P G X{K) has 
primitive period n and P has primitive period m, then m\ n. 

Proof. Let P e X{K) be a point of primitive period n and let to be the 
primitive period of P. We are given that cj) has good reduction, so by Theorem 
Owe know 

(1) ^^)^T{p) = p- 

From ([T]) we deduce that m < n and n = mod to, since the smallest period 
TO is the greatest common divisor of all of the periods. □ 

Before we examine the primitive period, we state what it means for a 
scheme defined over a number field to have good reduction at a particular 
prime. 

Definition 10. Let L be a number field with ring of integers A and X/L 
a scheme over L. Let p be a prime of L and Ap the localization oi A at p. 
We say that X has good reduction at p if there exists a smooth proper model 
X/Ap with generic fiber X/L. 

Similarly, : X/L — X/L has good reduction at p if (p has good reduction 
over Ap. 

For the rest of this article we work with morphisms of projective varieties 
defined over K. We assume that X/R is, in fact, a smooth projective scheme 
with generic fiber X/K. Since projective implies proper, this is slightly more 
restrictive. 

3. Description of the Primitive Period 
3.1. Preliminary Results. 
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Definition 11. Let P e be a point. We call a representation of P 
as [Po,...,Pn] with e i? for < z < and at least one Pi £ R* a. 
normalization of P. We define the reduction of P modulo tt, denoted P, by 
first choosing a normalization of P and then setting 

p = [7^,...,p;7] eF^. 

Note that P is independent of the choice of normalization. 
We recall some standard facts about projective space. 

Proposition 12. Let q be the number of elements of k. Then 

(a) Given any N + 2 points Pi G for which the images Pi{Spec K) 
and their reductions (the images Pi{Spec k) ) satisfy that no N + 1 of 
them are co-planar, there exists a transformation in PGhj^^i{R) that 
maps them to any other N + 2 points Qi in P^ for which the images 
Qi{Spec K) and their reductions satisfy that no N -\- 1 of them are 
co-planar. 

(b) The number of hyperplanes ofV^ is + q^~^ + ■ ■ ■ + q + 1. 

(c) The number of hyperplanes of ¥^ through a point of ¥^ is q^^^ + 
\-q+l. 

Proof. 

(a) It is a standard argmnent to show that given points in P^"*"""^ with 
no 7V+ 1 of them co-planar, that we can find a element of PGLn+i{K) 
that takes them to any other set of iV + 2 points in P^"*"^ with no A^-|- 1 
of them co-planar. Using the same argument and the fact that their 
reductions (points in P^"'"^(A:)) also satisfy that no TV -I- 1 of them are 
co-planar. We can find an element in PGLAr_(_i(P) that takes them to 
any other set of + 2 points in P;^^^^ with no + 1 of them co-planar. 

(b) A d dimensional subspace of P^ is isomorphic to Ff which has q"^ -\- 
q'^~^ -\- ■ ■ ■ -\- q 1 points. 

(c) Let P e and H a hyperplane of P^ not containing P. Any hyper- 
plane of P^ through P meets H in a hyperplane of H. By (|b|, there 
are q^~^ -\- ■ ■ ■ -\- q -\- 1 hyperplanes of H. 

□ 

For the proof of Theorem [1] we need a moving lemma for the orbit of a 
point whose reduction is a fixed point. Let Af^ be the standard afhne open 
sets in P^ obtained by sending 

r, ,1 I to ti^l ti+l tN\ 

Lemma 13. Let N > 2. Given any finite set of points V = {Pa}aei C P^ 
whose image in the special fiber is a single point and any fixed i, < i < N , 
we can find a transformation f G PGLAr+i(P) such that f{V) C {A.^)b,- 
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Proof. Let q be the number of elements of the residue field k. 

Without loss of generality, consider (A^)^. We need an / e PGLAr+i(i?) 
that sends the points of V to points not in the hyperplane to = 0. So we need 
to find a hyperplane H in P;^ that does not contain any of the points of V 
and send it to the hyperplane to = 0. 

The image in the special fiber of 7^ is a single point, denoted V. By Propo- 
sition [T^] (0 and (jg), there are 

{q^ + --- + q+l)- + • ■ ■ + g + 1) = <7^ 

hyperplanes of which do not go through V . Let H be any hyperplane in 
that does not contain V. Choose any N points on H. We need to find 
two additional points in P^ which, when combined with the already chosen 
N points, satisfy that no + 1 of them are co-planar in P^. Let one such 
point be V, which is not on H by construction. 

There are {^^^) = + 1 subsets of N points of the -t- 1 chosen points. 
We need to choose an additional point which does not lie on a hyperplane 
containing any of those N + 1 subsets. Each subset defines a unique hyper- 
plane, so we must choose a point not on -I- 1 hyperplanes. By Proposition 
HHdb]), there are 

q^ + ---+q + l 

total hyperplanes. So we need 

q^ + ---+q+l>N + l 

to be able to find such a point. We know that q > 2 and A^ > 2, so we can 
always find such a point. 

Having found the necessary points on the special fiber, we can lift them to 
(not necessary unique) points on the generic fiber. Since P^ is proper, these 
points on the generic fiber correspond to unique points of the scheme. We 
have found A^ + 2 points that satisfy the hypothesis of Proposition [T2l (jaj); 
hence, there exists an element / of PGLAr+i(i?) as desired. □ 

To be able to apply Lemma [T3l we need to be certain that we do not change 
the dynamics. 

Definition 14. Let X C P;^ be a projective variety, cf) : X ^ X a. morphism, 
and / e PGLAr+i(i?). Define = /-i o 0o /. 

Proposition 15. LetX/RczF^ be a smooth proper model for X , a projective 
variety defined over K. Let : X X be an R-morphism extending cf) : 
X/K -> X/K. Let f e PGLAr+i(i?) and let P G X{K) be a periodic point of 
primitive period n whose reduction modulo n has primitive period m. Then, 

(a) : f~^[X) — )■ f^^[X) has good reduction. 

(b) f^^[P) has primitive period n for (p^ . 

(c) f^^{P) has primitive period m for (j)^ . 
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Proof. Note that the embedding X/R d induces an embedding X/K C 
P^, so the action of / on X is defined. We need to show that there exists a 
smooth projective model y/R and an i?-morphism ipji : y ^ y such that the 
fohowing diagram commutes and the vertical maps are isomorphisms. 



(2) 



y/R^^y/R 



X/R- 



fR 

■X/R 



We know that / e PGLjv+i(^) is an automorphism of P^ that has good 
reduction with smooth projective model P^. Let : P^ -> P^ be the 

R 



morphism extending /. Then fn is an automorphism of P^ and 



f^' -.X/R^ f„\X/R) 

is an isomorphism. Let be defined as f^^{X / R), thus the vertical maps 
are isomorphisms. Let 



i^R = = Ir' 



h. o Ir- 



Diagram ([2]) now clearly commutes. 

To prove (jaj), the smooth projective model is y/R and the morphism is 
ipR. Since the vertical maps are isomorphisms and 



(r'°0°/)' =r'°0'°/ foralls>l, 
fb]) and (jcj) follow immediately from the diagram ©. 



□ 



To prove Theorem [l] we need a 7r-adic version of the Implicit Function 
Theorem that includes an explicit bound on the size of the neighborhood of 
convergence. To do this, we recall without proof a version of Hensel's Lemma 
for systems of power series. This version of Hensel's Lemma comes from 
Greenberg [5i Chapter 5] , and we adopt his terminology. 

Definition 16. We say f is a system of formal power series over i? if f is a 
vector where each component is a formal power series with coefficients in R 
having zero constant term. 

Proposition 17 (Hensel's Lemma). Let 

Fi, . . . , Fn R[xi, . . . ,xn] and oi, . . . , ajv € i? 



with 



>aiv)L < 




■ ,aN) 



< 1 
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for I < i < N . Then there exist bi, . . . ,bN G R with 



Fi{bi,...,bN) =0 and \bi-ai\^ < 



det 



(ai,...,ajv) 



for 1 < i < N. Furthermore, the system of power series taking (ai,...,ajv) 
to the solution (61, . . . , 6jv) is defined over R. 

Recall that a function F : A^+'^{K) A^(fr) is smooth at a point 
P e A^+^(if ) if its Jacobian matrix has rank M at P. 

Proposition 18 (vr-adic Implicit Function Theorem). Let 

F=[Fi,...,FM]: A^+^{K) ^ A^\K) 

be a smooth function with each Fi defined over R. Label the coordinates of 
^N+M as {xi, . . . ,XN,yi, . . .Um)- Let {ao,bo) be a point in A^^^ [K) such 
that 

(a) F(oo, 60) = 0, 

(b) the minor 

-— ^ ) (do, 60) 



dyjJi=i...M 

j=l...M 



(c) 



is full rank, and 



\Fi{ao,bo)l<S'' forl<i<M 



with 



det 



'dF, 



(oo, bo) 



< 1. 



.^%/i=l...M 
j=l...M 

Let Bf denote the w-adic open ball of radius e around the origin. Then for all 
a such that 

\a- ool^ < S, 
there exists a unique system over R 

g:Bs2^BsC A^ 

such that 

g{ao) = bo and F{a,g{a))=0. 

Proof. By assumption, we have that 

|i^i(ao,bo)|„ <<52 forl<z<M. 

After a translation, we may assume bq = (0, . . . , 0). 

For any a and i, 1 < i < M, Fj(a, bo) has a zero constant term in 
xi,. . . ,xjv; so for 

loiL, <(52 forl<i<7V 
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we have 

\F,{ai, . . . , ajv, bo)|„ < for 1 < i < M. 

We may apply Hensel's Lemma fProposition [T7|) . which concludes that there 
exists a system of power series g defined over R which takes a point (ai , . . . , oat) 
and sends it to the unique point g(ai, . . . , a^) = (61, . . . , 6m), satisfying 

(a) bi,...,bM e R, 

(b) F(ai, . . . , OAT, &i, . . . , 6m) = 0, and 

(c) \b^-a^\^ <S for 1 < i < M. 

Note that since \ai\^ < 6"^ ioi 1 < i < N and \bi - ai\^ < 6 for 1 < i < M, 
we have 

g: Bs2 Bs. 

□ 

3.2. Proof of Theorem [TJ Let X /R be a smooth projective i?-scheme of 
dimension d whose generic fiber is a non-singular irreducible projective variety 
X/ K. Let (j)]^ : X/R ^ X /R be an i?-morphism and denote the restrictions to 
the generic fiber and the special fiber as </> and (/), respectively. Let Pr £ X{R) 
be a periodic point of primitive period n for (jjn and let P = PR(Spec K) and 
P — PR(Spec k) with P of primitive period m for 0. There are three main 
steps in analyzing the primitive period of the reduction of a periodic point. 

• Use good reduction to show that there is an open 7r-adic neighborhood 
U and a system of functions f regular on U and defined over K such 
that (f) R is represented by f as a regular map on lA and all of the iterates 
of Pr by <j)R, are contained in U. 

• Show that f has a local power series representation on U with coeffi- 
cients in R. 

• Noticing that acts as the cyclic group of order n on the scheme the- 
oretic union V of the finite set of points {Pr^ (f>R{PR), ■ ■ ■ , (I)'^~^{Pr)}, 
iterate a local power series representation of f to obtain information 
about n. 

Recall that we know m \ n from Corollary [51 Replacing (f)R by (f>^ and n 
by n/m, we may assume that m = 1. We resolve the first two steps in the 
following lemma. 

Lemma 19. Let X /R C be a smooth projective model of X/K a non- 
singular irreducible projective variety of dimension d. Let (j)R : X / R — >■ X / R 
be an R-morphism and let Pr £ X{R) be a periodic point of primitive period 
n for (j)R such that P is fixed by (j). Let V C X be the scheme theoretic union 
of{PR,(t>R{PR),---,r-HPR)}- Then 

(a) there exists a g £ PGLAr_|_i(i?) such that 

g-\{PR. MPr), • • ■ , <^'^-\Pr)}) c {h^^)R 
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and 

g'\PR) = [1,0,..., 0]. 
(b) there exists a n-adic neighborhood U and regular maps f= [/;] defined 
over R onU such that 

(1) 4>r{p) = f{p) for all p ^ hi and all of the iterates of Pji by (f)ji 
are contained in lA. 

(2) each has a power series representation over R onUn {A^)r 
that converges for values in m and that we can iterate at Pn . 

(3) the local system of parameters for 0v,Pfj i subset of the local 
system of parameters for 0x,Pr- We can write 4>r\v — [f[] for 
regular maps f ' — [//] defined over R, where each f[ has a local 
power series representation over R on V in the local system of 
parameters for 0v,Pr that converges for values in m and that we 
can iterate at Pr. 

Proof. The embedding X C induces an embedding X C P;^. Let [to, • • . , ^at] 
be the coordinates of P]^. Let 

V^{Pb,MPr),---.4>1-\Pr)}- 
This is a finite set of points in X{R) whose images on the special fiber are a 
single point P. By Lemma [131 we can find a g € PGLAr_|.i(i?) such that 

g-\V)ci{h.^)R and g-i(Pfl,(Spec i?)) = [1, 0, . . . , 0]. 

Replace (f>ji by = g~^ o cjyji o g and Pr by g^^{Pji). We are now working 
over (7~^(A'), so replace X by g~^{X) and hence V by g~^{V). Note that 
V (1{K^)r. Dehomo genize with respect to and label the affine coordinates 

T, = — for 1 < i < N. 
to - - 

Let y/R — {X/R)r\ {Aq )ii. Note that 3^ is a smooth irreducible affine scheme 
and, consequently, integral. We know that V C 3^ is a closed subscheme. In 
particular, we have that 

as vector spaces. Hence, we can choose a basis for my^pj^/roy that contains 
a basis for mv,p„/my as a subset. Since we are working in {Aq)p, this 
change of basis comes from an element of GLn{R) and, hence, an element of 
PGLjv+i(i?) acting on X. Continue to label the coordinates as {Ti, . . . , Tn}. 
Let 5i, . . . , 5s € R[Ti, . . . , Tpf] be equations that define y, i.e., 

3^ = Spec R[T,,...,TN]/igi,...,gs). 

Identifying the points y{R) = IIom(Spec R,y) with the solutions to gi = 
• • • = (7s = in A^, we have the resulting map and periodic point on y: 

^R-.y^X with ^r-.Vr^Vr, and = (0, . . . , 0). 
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Since the scheme y is smooth, the determinants of the {N — d) x (N 
minors of the Jacobian matrix 



d) 



i=l.. 



.N 



generate the unit ideal in R[Ti, . . . ,TN]/{giT ■ ■ , gs) (see for example [TTJ 
IV.2]). In particular, since i? is a discrete valuation ring, Pr a non-singular 
point of 3^ implies that the determinant of one of the (N — d) x {N — d) minors 
of the matrix 



is a unit in R. Relabeling, let 



(Pr) 



i—l...s 
j = l...N 



i=l...N-d 
j=d+l...N 



be such a minor and, hence. 




(5 = 



Then the restrictions Ti , . . . , to 3^ of the first d coordinates form a system 
of local parameters of y at Pr. Let y' be the union of all components that 
pass through Pr of the scheme defined by the equations gi = ■ ■ ■ — gN-d = 0. 
Since 5 ^ the dimension of the tangent space 8' to y' at Pr is d. Since 
dmipy' > d and dim 9' > diuipy', we have that dim 3" — d and Pr is a 
non-singular point of y' . The scheme y' is irreducible and reduced, so then 
y = 3^. We have that y is defined locally hy N — d equations (i.e., 3^ is a 
local complete intersection) and those equations satisfy d — I. 

Since the ring of formal power series is complete, we apply the Implicit 
Function Theorem (Proposition [TH]) to deduce that there exists a system of 
power series Pi , . . . , Fj^^d over Rind variables Ti , . . . , such that Fi {Ti , . . . ,Td) 
converges for all IP,- 1, < 1 = and 



(3) 



gi{Ti 



,r<j,Pi(ri, . . . ,Trf), . . .,FN-d{Ti, . . . ,Trf)) = 



for I < i < N—d. Moreover, the coefficients of the power series Fi are uniquely 
determined by Let r : Oy.Pp^ —t' K[[T]] be the uniquely determined map 
that takes each function to its Taylor series. Assuming that Ti, . . . ,Td are 
chosen as local parameters, the formal power series 



T(Pd+i),...,r(r/v) 
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also satisfy ([3]), and, hence, must coincide with Fi, . . . , Fn-j.- It follows that 

T(id+i),...,T(r/v) 

converge for 

\T,l <1^S^, for 1 < i < d. 

We have Pr = {0,...,0) in and '^MPr) = (0, ... ,0) in Af . Hence, we 
have 

(0,...,0) foralls>0. 

Equivalently, 

<^^(Pfl) G m for aU s > 0. 

So we have that V is mapped to the afhne neighborhood where Qy^Pn has 
its maximal ideal generated by Ti,. . . ,Td- Note that we also have that the 
generators of the maximal ideal of 0v,Pr is a subset of {Ti, . . . , Td}. Choose 
a neighborhood hi C y such that ^h(-Pr) £ W. 

The morphism (fin can be written locally as a vector of homogeneous poly- 
nomials of the same degree D with coefficients in R and at least one coeffi- 
cient in R* . Denote <j> the restriction of (j)R to the special fiber. Recall that 
[1, 0, . . . , 0] is a fixed point of the morphism 0; hence 

(4) <^([1,0,...,0]) = 0([1,O,...,O]) = [1,0,. ..,0]. 

Therefore, there is some normalized representation [$07 • • ■ i 'I'Af] of near 
[1, . . . , 0] for which (p = [$0; • • • , *&Af] is a morphism. Label such a represen- 
tation as 

\I\=D 

where / is a multi-index. By (j4|), we have 

(5) [ao,(o,o,...,o)) ■ • • > aAf,(c,o,...,o)] = [1, . . . , 0]. 

We will now check that ai^(^D,o....,o) G R* for some Q < i < N . Assume that 

Qfj (£) o....,o) = mod IT for < i < iV. 

Since 0, . . . , 0]) — [1,0,..., 0] and by assumption every monomial con- 
tains one of Ti, . . . , T^r, we must have some monomial in Ti, . . . , Tn dividing 
every $i for < i < N. This contradicts the fact that (p is a morphism 
represented by [$o, . . . , $Ar] at [1, 0, . . . , 0]. Consequently, by ([5]), we have 

Q^i.(D.o,....o) = mod TT for 1 < i < N 

ao,(D,o,...,o) ^ mod TT i.e., ao,(D,o....,o) ^ 

On the affinc neighborhood U, we have that Ti, . . . ,Td form a system of local 
parameters of 0y,p so we can dchomogenize and write 

=f(p) = (/i(p),...,/,(p)) = 0(p) for all peU, 
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yielding each fi as the quotient of polynomials with coeificients in R: 
= £dMi^ — ^ _ for l<i<d. 

E|/|<D«0,/T 

Since ao,(_D,o....,o) G we can divide the numerators and denominators by 
"o,(D,o,...,o) to get 



E|/|<z,</T^ 



1 + E|/|<Li"o,/T 

The denominators are series (in fact polynomials) with coefficients in R and, 
hence, converge 7r-adically for Ti € m and < i < d, so we can find a 
multiplicative inverse. We can write 

/, = cj, + A,T + • • • 

where uji and Aj are vectors. These power series converge for values in m and 
have coefficients in R, and every iterate of Pr has coordinates in m. Hence, 
we can iterate f at Pr. 

We now have near Pr on y that 

(pR = i = uj + dfpT + (higher degree terms), 

where dip is the Jacobian matrix of f at Pr. 

To get the representation of (j)R\v we project f onto 0v.Pr C Qy.p^ by 
sending Td'+i = ■ ■ ■ = Td = 0. This gives us a representation f ' for (f)R\v with 
the appropriate properties. □ 

Proof of Theorem [H Recall that we know m \ n from Corollary [9l If m = n 
we are done; otherwise, replace 4>r^ by (f)^ and n by n/m, so m — 1. From 
Lemma [191 after dehomogenizing, we have Pr — (0, . . . , 0) and on V we have 

4'r\v = {= uj + dipT + (higher degree terms), 

where dfp is the Jacobian of f at Pr, and we can iterate f at Pr. The morphism 
(j)R acts on V as a cyclic group of order n, thus {(I)r)\v is the identity map; 
in other words, d(j)p fixes Ti, . . . , T^/. Let ry be the order of d(j)p on V and 
note that ry | n since (j)p fixes V. Replace n by n/ry, 4>r by (I^^r , and Pr by 
4>P [Pr). We will continue to write 

<I>r\v — ^ — ^ + dfpT + (higher degree terms). 

If n = 1 we are done, so assume n ^ 1. We know that d(f)p fixes Ti, . . . , Td'. 
In other words, dfp is the identity modulo tt. Labeling dfp = / + ■k'^A where 
/ is the identity matrix and A has at least one entry in R* . If dfp ~ I, then 
set c = oo. Iterating modulo (w)^ we have 

f "(0) EE (^nI + Y,(^^Tr'=A+--- + Y, Q 7r"M"^ lj = mod {ujf. 



GOOD REDUCTION OF PERIODIC POINTS ON PROJECTIVE VARIETIES 15 



Since ujj generates (w) for some 1 < j < d! we must have 

n = (mod tt). 

Replace n by n/p and 4>r by If n = 1 we are done; if not we can repeat 
the above argument to see that 

n ~ mrvp'^ for e > 0. 

Note that ry is independent of the choice of local parameters and power 
series representation for near Pj^ . 

We have that d(j)"^p restricted to V is an element of GLd'(FAr^); conse- 
quently, its multiplicative order is bounded by {{Nny — 1) [3J Corollary 
2]. □ 

Remark. We can use Theorem [T] to bound the primitive period of a periodic 
point using good reduction information as in (121 Corollary B], but such a 
result is not stated here since the proof is identical to the one-dimensional 
case. Furthermore, these types of bounds, using only information at the 
primes of good reduction, have been superseded in the one-dimensional case 
by Benedetto 1, Main Theorem]. 

Theorem 20. Let K be a number field and X C a projective variety 
defined over K . Let cj) : X ^ X be a morphism defined over K and P G X{K) 
a periodic point of primitive period n. For a prime of good reduction p e K , 
let rUp be the primitive period of P. Then there are only finitely many primes 
p € K where n ^ mp . 

Proof. Let [to, . • . j^w] be coordinates for P^. Denote the i*'^ coordinate of a 
point Q G P^ as Qi. Then we know that, after normalizing the points so that 
the first non-zero coordinate is 1, we have 

(/."(P),-P, = 

for each coordinate < i < A^. We know that there are only finitely many 
divisors of n G Z, so we have finitely many normalized expressions 

with s I n and s < n. We have 

4)" {P)i - P, ^ Q forO<i<iV 

since n is the primitive period of P. Hence, (j)'^{P)i — Pi is some value in if, 
which can be factored into finitely many primes. We can do this for each of 
the finitely many < i < A^. So there are at most finitely many primes where 
there is some s \ n with s < n such that <p^{P) = P. Hence, there are only 
finitely many primes p such that n ^ mp . □ 
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3.3. Proof of Theorem[2l We now bound the exponent e in Theorem[TJ We 

replace (j>R by and Pr by (j}^^^' {Pr)- From Lemma [TH we can reduce 

to the case of considering a local power series representation of 0i?|v at the 
origin. We write 

</'fl|v = f = w + dfoT + (higher degree terms) 

where dfo is the identity modulo tt. We will use the notation Xt{P) to denote 
the i"^ coordinate of a point P. The method of proof is similar to [10]. 

Definition 21. 

k 

• Define i^fe(xi, ... ,x„) = f (xi, . . . , a;„). 

• Define xq = (0, . . . , 0) and x^ = fP'(xo) = Ffe(xo) = fP(xfe_i) = 

• Define bk = mmi^i^,,,^d' v{xt{xk)). 

• Write cHq = / + n'^'^Ak where / is the identity matrix and Ak has at 

k 

least one entry in R* . If rffg = /, then we set = oo. 

• Assume that (0, . . . , 0) has primitive period p'^. 

Lemma 22. For k — 1, . . . ,e — 1 we have 

bk+i > min{25fc, 6fc + {p ~ l)ck,bk + v{p)) 
Cfe+i > min(5fc,Cfe + u(p),pcfe). 

min(6fc,Cfc) < v{p) 
and ifbk > v{p), then (j> — l)ck < v{p)- 
Proof. We have 

Xfe+i =FP(xo) =(/+(/ + TT^Mfe) + ••• + (/ + 7r^Mfc)P-i)xfe (mod^2h,) 
p-i _ 

t 



(6) ^ipi+Y,(y^A 



i=l 

p-1 



^ (^^_ J^(f-i)^MrMxfe (mod^2h,)^ 



Using the identity 

n 

(7) E 

j=i 



J \ n + i / n 



k I n — fc+lVfc 



we see that each intermediary sum in ([5]) is divisible by p. So we have 

bk+i > mm{2bk,bk + {p - l)cfe, 6^ + vip)). 
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By the chain rule, we have 



df^+' = {df^r = {! + ^''Akf (mod it'" ) 



^j7r"Mfe+ ^p7r2=^-yl^ + --- + 7rP'=M^ (mod tt" 
Therefore, 

Cfc+i > min(6fe, Cfc + v{p),pck). 
To prove the final statement consider © with fc = e — 1: 

Xe= (p/+---+>-l)^=-Mri')xe-l (mod^2fce-l). 

By ([7]) each intermediary term is divisible by pi:'^''^^ . If 6e-i > vip), then 
we must have {p — l)ce_i < v{p). If the assertion fails for some fc, then 

min(&e-i,Ce_i) > v{p). □ 

Lemma 23. For k — 1, . . . ,e — 1 and p 2 we have 

6fc>2'= forbk<v{p) 



and for p = 2 we have 



bk > Gfe+i for bk < v{p) 
Ck > Gk 



where a ~ and Gk — - — is the fc*^ Fibonacci number. 

Proof. Consider first p ^ 2. Since 5i > 1 and ci > 1 we have established 
fc = 1. Assume bk > 2^ and Ck > 2^~^ for some fc. If bk < v{p), then from 
Lemma [22l we have bk+i > 2*^+^ and Ck+i > 2'^. If bk > v{p), then from 
Lemma [22] we have Ck+i > pck > 3 • 2*^^^, establishing the lemma for p ^ 2. 

If p = 2, we have 6i > 1 and ci > 1 establishing fc = 1. So assume 
bk > Gk+i and Ck > Gk for some fc. If < v(p), then by Lemma [22] we have 
bk+i > Gfc+2 and Ck+i > Gk+i since G^+i < 2 ■ Gi for each i > 1. Similarly, 
if bk > v{p), then Ck+i > 2ck > Gk+i- □ 

Proof of Theorem\^ From Lemma [22] we have min(ce-i, 6e-i) < 'v{p)^ and if 
6e-i > v(j)), then (p— l)ce-i < w(p). Using Lemma [23] forp 7^ 2 the exponent 
e must satisfy 

2^-1 < i^(p) 
and for p — 2 the exponent e must satisfy 

The formulas stated are now clear. □ 
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Proof of Corollary\^ Apply the bounds from Theorem [T] and Theorem [2] with 
v{p) = 1. To bound m we note that there are at most p choices for each 
coordinate of P, so we have m <p'^ . □ 

4. Proof of Theorem H] 

Proof. Since 4> is etale it sends smooth points to smooth points and permutes 
the irreducible components of X. Therefore, there exists a finite integer I such 
that 0' : y — > y. Since Y is smooth and irreducible and the restriction of </)' 
to Y has good reduction, we may apply Theorem [1] and Theorem [2] □ 
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